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, Abstract. We introduce a notion of symmetric Whitney tower cobordism between bordered 

3-manifolds, aiming at the study of homology cobordism and link concordance. It is motivated 
by the symmetric Whitney tower approach to slicing knots and links initiated by T. Cochran, K. 
Orr, and P. Teichner. We give amenable Cheeger-Gromov p-invariant obstructions to bordered 
3-manifolds being Whitney tower cobordant. Our obstruction is related to and generalizes several 



prior known results, and also gives new interesting cases. As an application, our method applied 
to link exteriors reveals new structures on (Whitney tower and grope) concordance between links 
with nonzero linking number, including the Hopf link. 

H 
P 

. 1. Introduction 

^ . 

It is well known that Whitney towers and gropes play a key role in several impor- 
tant problems in low dimensional topology, particularly in the study of topology of 4- 
' manifolds and concordance of knots and links. Whitney towers and gropes approximate 

^ , embedded 2-disks, 2-spheres, and more generally embedded surfaces, in a 4-manifold. 

[ Roughly, a Whitney tower can be viewed as (the trace of) an attempt to apply Whitney 

moves repeatedly to remove intersection points of immersed surfaces in dimension 4; it 



I consists of various layers of immersed Whitney disks which pair up intersection points 



of prior layers. A grope in a 4-manifold consists of embedded surfaces with disjoint 
. interiors which represent essential curves on prior layer surfaces as commutators. 

CN I In this article we are interested in symmetric Whitney towers and gropes, which have 

a height. These are analogous to the commutator construction of the derived series. We 
remark that Whitney towers and gropes related to the lower central series are also often 
^ ' considered. Although these Whitney towers and gropes still give interesting structures 

■ concerning links and 4-dimensional topology (for example, see the recent remarkable 

work of J. Conant, R. Schneiderman, and P. Teichner surveyed in [CSTllj ). it is known 
that symmetric Whitney towers and gropes are much closer approximations to embedded 
surfaces that give extremely rich theory. 

Our main aim is to study homology cobordism of 3-manifolds with boundary using 
symmetric Whitney towers in dimension 4 and amenable Cheeger-Gromov p-invariants. 
Our setting is strongly motivated by the symmetric Whitney tower approach to the 
knot (and link) slicing problem which was first initiated by T. Cochran, K. Orr, and P. 
Teichner |COT03j . and the amenable L^-theoretic technique for the Cheeger-Gromov p- 
invariants due to Orr and the author [C012j . As a new application that known Whitney 
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tower frameworks do not cover, we study concordance between links with nonzero linking 
number. In particular we investigate Whitney tower and grope concordance to the Hopf 
link. 

Symmetric Whitney tower cobordism of bordered 3-manifolds. First we introduce briefly 
how we adapt the Whitney tower approach in |COT03j for homology cobordism of 
bordered 3-manifolds. 

Recall that a 3-manifold M is bordered by a surface S if it is endowed with a marking 
homeomorphism of E onto dM. For 3-manifolds M and M' bordered by the same 
surface, one obtains a closed 3-manifold M Uq —M' by glueing the boundary along the 
marking homeomorphism. A 4-manifold is a relative cobordism from M to M' if 
dW = MUq -M'. 

A relative cobordism W from M to M' is a homology cobordism if the inclusions 
induce isomorphisms i7=^(M;Z) ^ H^{W;Z) ^H^{M';Z). Initiated by S. Cappell and J. 
Shaneson |CS74j . understanding homology cobordism of bordered manifolds is essential 
in the study of manifold embeddings, in particular knot and link concordance. This 
also relates homology cobordism to other key problems including topological surgery on 
4-manifolds. 

As a surgery theoretic Whitney tower approximation to a homology cobordism, we 
will define the notion of a height h Whitney tower cobordism W between bordered 3- 
manifolds {h G ^Z>o). Roughly speaking, our height h Whitney tower cobordism is 
a relative cobordism between bordered 3-manifolds, which admits immersed framed 2- 
spheres satisfying the following: while the 2-spheres may not be embedded, these support 
a Whitney tower of height h, and form a "lagrangian" in such a way that if the 2-spheres 
were homotopic to embeddings then surgery along these would give a homology cobor- 
dism. For a more precise description of a Whitney tower cobordism, see Definition 12.71 

It turns out that a height h Whitney tower cobordism can be deformed to another 
type of a relative cobordism satisfying a twisted homology analogue of the above Whit- 
ney tower condition, which we call an h-solvable cobordism. Roughly speaking, it is 
a cobordism which induces an isomorphism on Hi and admits a certain "lagrangian" 
and "dual" for the twisted intersection pairing associated to (quotients by) derived sub- 
groups of the fundamental group. See Definition 12.81 and Theorem 12.91 for details. Our 
/i-solvable cobordism can be viewed as a relative version of the notion of an /i-solution 
first introduced in |CUT04j . 

Amenable signature theorem. In order to detect the non-existence of a Whitney tower 
cobordism, we show that certain amenable L'^ -signatures, or equivalently Cheeger-Gromov 
p^"^^ -invariants, give obstructions to bordered 3-manifolds being height h Whitney tower 
cobordant. Interestingly, for the height n.5 obstructions stated below, we have two alter- 
native hypotheses on the first L^-Betti numbers: zero or large enough. In what follows 
bf'\—;NG) and bi{—;R) denote the L^-Betti number over J\fG and the Betti number 
over R, namely the L^- and i?-dimension of Hi{—;J\fG) and Hi{—;R) respectively. 

Theorem 13.21 (Amenable Signature Theorem for solvable cobordism). Suppose is a 
relative cobordism between two bordered 3-manifolds M and M' , G is an amenable group 
lying in Strebel's class D{R), R = Z/p or Q, and = {e}. Suppose (p: tti{M Ua 

—M') — >■ G factors through iii(yV), and either one of the following conditions holds: 

(I) W is an n.5-solvable cobordism and b\ {M;MG) = 0; 
(II) W is an n.5-solvable cobordism, |0(7ri(M))| = oo, and 

bf\M Ud-M';MG) > bi{M; R) + b2{M; R) + bsiM; R) - I; or 
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(III) W is an (n + l)-solvable cobordism. 
Then the Cheeger-Gromov invariant p^'^^M Uq —M',(/)) vanishes. 

For the definition of amenable groups and Strebel's class D{R) |Str74] . see Defini- 
tion [2T1 To prove Amenable Signature Theorem [321 we use extensively the L^-theoretic 
techniques developed by Orr and the author in |C012] . [Cha] . For more details and re- 
lated discussions, see Section [3i 

Amenable Signature Theorem 13.21 generalizes several prior known cases (discussed in 
more detail in Section [3.3p . First, it specializes to the amenable signature obstructions 
to knots being n.5-solvable given in [Cha] . and Cochran-Orr-Teichner's PTFA signature 
obstructions [COT03j . Also, from our result it follows that Harvey's homology cobordism 
invariant pn for closed 3-manifolds [HarOSj associated to her torsion-free derived series 
is an obstruction to being Whitney tower cobordant. 

Moreover, Amenable Signature Theorem 13.21 for the condition (I) provides an inter- 
esting new case. In Section 13.21 we discuss some instances of bordered 3-manifolds for 
which the first L^-Betti number vanishes. This will be used to give applications to links 
with nonvanishing linking number, as described below. 

Symmetric Whitney tower concordance of links. Our setting for bordered 3-manifolds is 
useful in studying geometric equivalence relations of links defined in terms of Whitney 
towers and gropes. We recall that two m-component links L and L' in are concordant 
if there are m disjointly embedded locally flat annuli in x [0, 1] cobounded by compo- 
nents of L X and —L' x 1. Again, approximating embedded annuli by Whitney towers, 
one defines height h (symmetric) Whitney tower concordance: embedded annuli in the 
definition of concordance are replaced with transverse immersed annuli which admit a 
Whitney tower of height h (see Definition l2.12p . Height h (symmetric) grope concordance 
between links is defined similarly, replacing disjoint annuli with disjoint height h gropes 
(see Definition 12. 15p . 

Schneiderman showed that if L and L' are height h grope concordant, then these 
are height h Whitney tower concordant [Sch06| . Furthermore, following the lines of 
[COT03j . one can observe that if two links are height h + 2 Whitney tower concordant, 
then their exteriors bordered 3-manifolds, height h Whitney tower cobordant 

(see Theorem I2.13p . Therefore Amenable Signature Theorem 13.21 gives obstructions to 
links being Whitney tower (and grope) concordant. 

Summarizing, we have the implications illustrated in Figure [T} 

Application to links with nonvanishing linking number. As an application, we investigate 
concordance of links with nonvanishing linking number, particularly concordance to the 
Hopf link. 

There are several known techniques to detect non-concordant links in the literature, 
which reveal interesting structures peculiar to links up to concordance (even modulo 
knots) . These include classical abelian invariants such as Fox-Milnor type conditions for 
the (reduced) multi-variable Alexander polynomial and Levine- Tristram type signature 
invariants (e.g., see K. Murasugi |Mur65j . A. Tristram [Tri69j . A. Kawauchi [Kaw78]), 
and the Witt class of the Blanchfield pairing (e.g., see J. Hillman's book [Hil02j ). Also 
there are various signatures and twisted torsion invariants associated to various non- 
abehan "higher order" covers (e.g., see J. Levine |Lev94[ [Lev07| . Cha-Ko |CK99b| . S. 
Friedl |l^Vi05aj . S. Harvey [HarOS], Cochran-Harvey-Leidy jCHLOS ], Cha-Friedl [UF]), 
and there are Witt-class valued Hirzebruch-type invariants from iterated p-covers (see 
[ChalO[ ICha09| ). These newer techniques are mainly focused on link slicing problems. 
Geometric techniques such as covering link calculus and blowing down are also known 
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Figure 1. Whitney towers, gropes, and amenable signatures 



to be useful in several cases (e.g., see Cochran-Orr [C093j . Cha-Ko [ CK99a] . Cha- 
Livingston-Ruberman [CLR08], Cha-Kim [(JKOSaQ . 

Compared to the slicing problem, the more general case of concordance between links 
with possibly nonvanishing linking number has been less studied. Note that the question 
of whether two given links are concordant is not directly translated to a link slicing 
problem, while for knots it can be done via connected sum. 

The case of linking number one two component links has received some recent atten- 
tion. It is remarkable that such links bear a certain resemblance to knots, where the 
Hopf link is analogous to the unknot. In this sense these may be viewed as "small" links. 
For example, while in many cases (e.g., for boundary links) there are large nilpotent rep- 
resentations of the fundamental group of a link complement which eventually lead us to 
interesting link concordance invariants, it can be seen that there is no useful nonabelian 
nilpotent representations for two component links with linking number one, similarly to 
the knot case. 

Classical abelian invariants such as the Alexander polynomial give primary informa- 
tion for the linking number one case, and as a partial converse J. Davis showed that 
any two-component link with Alexander polynomial one is topologically concordant to 
the Hopf link [Dav06j . This result, which may be viewed as a link analogue of the 
well-known result of Freedman on Alexander polynomial one knots [Fre84j . illustrates 
another similarity between knots and "small" links. We remark that recently T. Kim, 
D. Ruberman, S. Strle, and the author have shown that Davis's result does not hold in 
the smooth category, even for links with unknotted components |CKRS12] . 

S. Friedl and M. Powell have recently developed Casson-Gordon style metabelian link 
invariants by generalizing techniques for knots, and detected interesting examples of 
links not concordant to the Hopf link [FP12t IFP] . They conjectured that their invariant 
vanishes for links which are height 3.5 Whitney tower concordant to the Hopf link. 
Recently M. Kim has confirmed this conjecture, using our framework of Whitney tower 
cobordism. He has also related known abelian invariants to low height Whitney tower 
concordance for linking number one links. 
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Our method reveals new sophisticated structures concerning hnking number one hnks 
not concordant to the Hopf hnk. This may be viewed as an analogue of the study of 
knots using higher order L^-invariants, beyond abelian and metabelian invariants. An 
advantage of our setup for the higher order invariants is that we can use the exterior 
of a link instead of the zero-surgery manifold which is used in recent works on L^- 
invariants for links. We remark that for two component links with linking number one, 
the zero-surgery manifold is a homology 3-sphere and consequently has no interesting 
solvable representations; this is a reason that several recent techniques of higher order 
L^-invariants do not apply directly to this case. 

Using our Amenable Signature Theorem 13.21 applied to link exteriors, we prove the 
following result: 

Theorem 14.11 For any integer n > 2, there are links with two unknotted components 
which are height n grope concordant (and consequently height n Whitney tower concor- 
dant) to the Hopf link, but not height re. 5 Whitney tower concordant (and consequently 
not height n.5 grope concordant) to the Hopf link. 

We remark that more applications of our methods, including those on homology cylin- 
ders, will be presented in other papers. 

Results in this article hold in both topological category (with locally flat submanifolds) 
and smooth category. For a related discussion, see Remark l2.191 Manifolds are assumed 
to be connected, compact, and oriented, and //*(—) denotes homology with integral 
coefficients unless stated otherwise. 

Acknowledgements. The exposition of the paper was significantly improved by detailed 
comments of an anonymous referee. This research was supported in part by NRF grants 
2011-0030044, 2010-0029638, 2010-0011629 funded by the government of Korea. 

2. Whitney tower cobordism 

In this section we formulate a notion of symmetric Whitney tower approximations of 
homology cobordism. This gives a setup generalizing the approach to the knot and link 
slicing problem initiated in |COT03j . In what follows, to make the exposition more 
readable, we discuss some motivations and backgrounds as well. Readers familiar with 
the notion of Whitney towers, gropes, and the approach of [COT03] may proceed to the 
next section after reading only key definitions and statements of our setup: Definitions 
12.31 (0-lagrangian), 12.71 (Whitney tower cobordism), 12.81 (/i-solvable cobordism). Theo- 
rems [2]9] (Whitney tower cobordism solvable cobordism). 12.131 (Whitnev tower /grope 
concordance Whitney tower cobordism). 

2.1. Homology cobordism and ffi-cobordism of bordered 3-manifolds 

Recall that a relative cobordism W between bordered 3-manifolds M to M' is a manifold 
with dW = M L)q —M', and that W is a (relative) homology cobordism if H^,{M) = 
H^:{W) = H^,(M') under the inclusion-induced maps. As an abuse of notation we often 
write M Uq M' instead of M Ug —M'. Our primary example of a homology cobordism 
is obtained from knots and links. 

Example 2.1 (Link exterior). If L is a link in S^, then the exterior El = S^— (open 
tubular neighborhood of L) is a 3-manifold bordered by the disjoint union of tori, where 
the marking is given canonically by the 0-linking framing of each component. 
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If L is concordant to L', then the concordance exterior (with rounded corners) is 
a relative homology cobordism from El to E^i. In fact this conclusion holds if L is 
concordant to L' in a homology S'^ x [0, 1]. 

The following is well-known and easily verified: two links L and L' in are topo- 
logically concordant if and only if there is a topological homology cobordism W from 
El to E^i with 'Ki{W) normally generated by meridians of L. The smooth analogue 
holds modulo smooth Poincare conjecture in dimension 4. Also, two links L and L' in 
homology 3-spheres are (topologically/smoothly) concordant in a (topological/smooth) 
homology x [0, 1] if and only if their exteriors Ei and Ey are (topologically/smoothly) 
homology cobordant. 

Relative Hi-cobordism of bordered 3-manifolds. Suppose M and M' are 3-manifolds 
bordered by the same surface S. As the first step toward a homology cobordism, one 
considers the following, generalizing i COT031 Definition 8.1]. (See also ( CKOSbl Defini- 
tion 2.1].) 

Definition 2.2. We say that a relative cobordism W from M to M' is a relative Hi- 
cobordism if Hi{M) = Hi{W) = Hi(M') under the inclusion-induced maps. 

We will often say "homology cobordism" and "//i-cobordism" , omitting the word 
"relative", when it is clear that these are between bordered 3-manifolds from the context. 
We remark that in many cases a cobordism can be surgered, below the middle dimension, 
to an ffi-cobordism. 

The next step is to investigate whether one can eliminate H2{W, M) by doing surgery; 
for an ffi-cobordism W, it is easily seen that HiiW^M) = for i / 2 and H2{W,M) 
is a free abelian group onto which H2{W) surjects. For the convenience of the reader a 
proof is given in Lemma 12.201 in Section [2.51 below. 

Definition 2.3. Suppose W is an //i-cobordism between bordered 3-manifolds M 
and M' . A subgroup L C H2{W) is called a 0-lagrangian if L projects onto a half-rank 
summand of H2{W, M) isomorphically and the intersection form Aq : H2{W) x H2{W) 
Z vanishes on L x L. 

Definition 12.31 which uses integral coefficients is a precursor to the notion of an n- 
lagrangian, which will be defined in the next subsection in terms of intersection forms 
over twisted coefficients. 

We remark that one can switch the role of M and M' in Definition 12.31 as expected, 
since using Poincare duality it can be seen that L C H2{W) projects isomorphically 
onto a half-rank summand in H2iyV,M) if and only if L does in H2{W,M'). We also 
remark that the following is a standard fact, which is proven along the lines of the 
standard surgery approach. We give proofs of these two facts in Section 12.51 below, for 
the convenience of the reader. 

Proposition 2.4. // an Hi-cobordism W between bordered 3-manifolds M and M' ad- 
mits a 0-lagrangian L generated by disjoint framed 2-spheres embedded in W , then W 
can be surgered to a homology cobordism between M and M' . 

2.2. Symmetric Whitney tower cobordism of bordered 3-manifoIds 

As suggested in Proposition 12.41 above, one seeks disjointly embedded framed spheres 
generating a 0-lagrangian of an i^i-cobordism. As approximations of embeddings, we 
recall the notion of a symmetric Whitney tower. 

Definition 2.5 ( |COT03l Definition 7.7]). Suppose is a collection of transverse framed 
surfaces immersed in a 4-manifold W . 
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(1) A symmetric Whitney tower of height n based on 5 is a sequence Co, . . . ,C„ 
such that Co = 5, and for k = 1, . . . ,n, Ck is a cohection of transverse framed 
immersed Whitney disks that pair up all the intersection points of Ck-i and have 
interior disjoint to surfaces in Co U • • • U Ck-i- 

(2) A symmetric Whitney tower of height n.5 based on 5 is a sequence of collections 
Co, • • • , Cn-> Cn+i such that Co, ... , C„+i satisfy the defining condition of a Whitney 
tower of height n + 1 except that the interior of Cn+i is allowed to meet C^, while 
it is still required to be disjoint to Co U ■ ■ ■ U C„_i. 

We call Cfc the kth stage, and Whitney disks in are said to be of height k. 

Here, intersection points of Ck designate both self-intersections of a surface in Ck and 
intersections of distinct surfaces. (We remark that we may assume that no Whitney 
disk has self- intersections by "Whitney tower splitting" |Sch061 Section 3.7].) We always 
assume that Whitney towers are framed in the sense that for each Whitney disk D that 
pairs intersections of two sheets, the unique framing on D gives rise to the Whitney 
section on dD, which is defined to be the push-off of dD along the tangential direction 
of one sheet and along the normal direction of another sheet (avoiding the tangential 
direction of D). As a reference, for example, see |CST12[ Section 2.2] and [ScoOSl p. 54]. 

We remark that if a collection of framed immersed 2-spheres Si admits a Whitney 
tower of height > 0, then it is easily seen that both the intersection number A(5j, Sj) G 
Z[7ri(Vl^)] and the self-intersection number ^{Si) G Tj^KiiW)]/ {g — g) vanish for all i 
and j. (See |FQ90[ Section 1.7] for the definition of A and fi.) Consequently the untwisted 
intersection Ao automatically vanishes on the Si. Also, the converse is true: 

Lemma 2.6. A collection of framed immersed 2-spheres Si admits a Whitney tower of 
height 0.5 if and only if X{Si, Sj) = and /u(S'j) = for all i and j. 

Proof. The only if direction has been discussed above. Conversely, if A and /i vanish 
on the Si, then the intersection points of the Si can be paired up in such a way that 
a Whitney circle for each pair is null-homotopic. Applying the Immersion Lemma in 
|FQ90[ p. 13] and the standard boundary twisting operation |FQ90 p. 16], one obtains 



immersed framed Whitney disks, which form a Whitney tower of height 0.5. □ 

Definition 2.7. Suppose W is an f^i-cobordism. 

(1) We say that a submodule L C H2{W ; Z[7ri{W)]) = ■K2{W) is a framed spherical 
lagrangian if L projects onto a 0-lagrangian in H2{W) and generated by framed 
immersed 2-spheres for which A and vanish. 

(2) We say that is a height h Whitney tower cobordism if there is a framed spher- 
ical lagrangian generated by framed immersed 2-spheres admitting a Whitney 
tower of height h. If there exists such W, we say that M is height n.5 Whitney 
tower cohordant to M' . 

From Lemma 12.61 the following is immediate: there is a framed spherical lagrangian 
if and only if there exist immersed 2-spheres that generate a 0-lagrangian in H2iyV) and 
support a Whitney tower of height 0.5. 

2.3. Solvable cobordism of bordered 3-manifolds 

Following the ideas of |CUT031 Definitions 8.5, 8.7 and Theorems 8.6, 8.8], we relate 
Whitney towers to lagrangians admitting duals. Later this will enable us to obtain 
amenable L^-signature invariant obstructions. Our definition below, which is for bor- 
dered 3-manifolds, is also similar to the notion of /i-cylinders considered by Cochran and 
Kim for closed 3-manifolds with first Betti number one |CK08bl Definition 2.1]. 
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We fix some notation. For a group G, G*^"-* denotes the nth derived subgroup defined 
by = G, G("+i) = [G("),G(")]. For a 4-manifold W with vr = tti{W), let 

be the intersection form. We say that a closed surface immersed in W is an n-surface if 
it represents an element in H2{W ; Zlir / tt^'^^) , namely it lifts to the regular cover of W 
with fundamental group vr'^"^ 

Definition 2.8. Suppose W is an //i-cobordism between bordered 3-manifolds M 
and M' with tt = tti{W). Let m = i TankH2(W, M). 

(1) A submodule L C i^sCVF; ^[vr/vr^")]) is an n-lagrangian if L projects onto a 
0-lagrangian for H2{W,M) and A„ vanishes on L. 

(2) For an n-lagrangian (n > A;) or a framed spherical lagrangian L, homology classes 
di, . . . ,dm G H2{W; Z[tt / TT^'^^]) are k-duals of L if L is generated by ^1, . . . , £m £ 
whose projections i[ G //2(W^; ^[tt/vt^^)]) satisfy Xk{i[,dj) = 6ij. 

(3) The 4-manifold W is an n.b-solvable cobordism (resp. n-solvable cobordism) if 
it has an (n + l)-lagrangian (resp. n-lagrangian) with n-duals. If there exists 
an /i-solvable cobordism from M to M', we say that M is h-solvably cobordant 
to M'. 

We remark that the notion of an /i-solvable cobordism is a relative analogue of an 
/i-solution introduced in |CQT03| . as mentioned in the introduction. 

Theorem 2.9. Suppose M and M' are bordered 3-manifolds. Then for the following 
statements, (1) =^ (2) =^ (3) holds: 

(1) M and M' are height n.5 Whitney tower cobordant. 

(2) There is an Hi-cobordism between M and M' which has a framed spherical la- 
grangian admitting n-duals. 

(3) M and M' are n.5-solvably cobordant. 

Proof. First, (2) implies (3) since a framed spherical lagrangian is an (n + l)-lagrangian. 
The implication (1) =^ (2) is proven by an argument similar to [CQT031 Proof of The- 
orem 8.4] (see the part entitled " the induction step r 1— >■ r — 1"). The point is that for 
our purpose we do not need the assumption of |CQT03j that the concerned 4-manifolds 
are spin. We give details for concreteness and for the reader's convenience. 

Suppose W is an ffi-cobordism from M to M', and a spherical lagrangian for W is 
generated by framed immersed 2-spheres ii which support a Whitney tower of height h 
and admit r-duals dj. We will show, if /i > 1.5, there is an i?i-cobordism from M to M' 
with a spherical lagrangian generated by framed immersed 2-spheres which support a 
Whitney tower of height h—1 and admit (r + l)-duals. From this our conclusion follows 
by an induction on r starting from (/i,r) = (n.5,0); one can start the induction since a 
spherical lagrangian always admits 0-duals by Lemma 12.211 stated and proved later (see 
Section [23]) . 

The claim is proven as follows. Let C be the given Whitney tower of height h. By 
pushing down intersections as in |FQ90 Section 2.5] we may assume that each dj does 



not meet height > part of C. By tubing if necessary, one may assume the geometric 
intersection of ii and dj is precisely 5ij. Denote the collection of the Whitney circles 
pairing intersections of the ii by {a^}, and let be the height 1 Whitney disk bounded 
by Ofc. Choose one of the two intersection points lying on ctk, and around it, choose a 
linking torus (see |FQ90[ p. 12]) which is disjoint from the ii and dj. We may assume 
that Tfc intersects C at a single point on A^. Let Xk and yk be the standard basis curves 
on Tfc based at T^nC. Since Xk and yk are meridians of some of the ii, these are conjugate 
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to elements of -Ki{dip ' . Since vri {d^) C TTi{W)^''\ it follows that Tk is an (r + l)-surface 
in W. 

Now do surgery on W along pushoffs of the taken along the direction to a 
new 4- manifold, in which we have framed embedded 2-disks bk bounded by Ok- By 
Whitney moves along the bk, isotope the ii to disjointly embedded framed 2-spheres. 
Doing surgery along these 2-spheres, we obtain another new 4-manifold, say W . The 
framed immersed 2-spheres := Uq bk together with height > 2 Whitney disks of 
C form a Whitney tower of height h — 1. Since h — 1 > 0.5, the intersection A and 
self- intersection ^ vanish on the Direct computation of the rank of H2 shows that 
the form a framed spherical lagrangian for W'. Since the geometric intersection of I'f, 
and Ti is precisely 5ki, the Tk are (r + l)-duals. □ 

Remark 2.10. In [ COT03) they make an additional assumption that the concerned 4- 
manifolds are spin. If one adds the similar spin condition and self-intersection vanishing 
condition to our definitions, then the arguments in |COT03j can be carried out to show 
that all the statements (1), (2), and (3) in Theorem 12.91 are equivalent. A key technical 
point is that the spin assumption implies that fc-duals are represented by surfaces which 
are automatically framed. 

Remark 2.11. One can also show the following: if M and M' are height n Whitney 
tower cobordant, then M and M' are n-solvably cobordant. Indeed, applying the induc- 
tion as in the above proof, one obtains a spherical lagrangian supporting a height one 
Whitney tower together with (n — l)-duals. Applying the induction argument once more, 
one now obtains framed immersed spheres i'j, and the tori Tk which are re-surfaces, but 
now the ik may have non- vanishing intersection A. Nonetheless, since the tori Tk are 
mutually disjoint, one sees that the Tk form an re-lagrangian and the ik are their re-duals. 

2.4. Symmetric Whitney tower concordance and grope concordance of links 

Recall that two m-component links L and L' in are concordant if there is a collec- 
tion of rre disjoint cylinders properly embedded in x [0, 1] joining the corresponding 
components of L x and —L' x 1. We always assume links are ordered. 

It is natural to think of immersed cylinders supporting Whitney towers, as an approx- 
imation of honest concordance. 

Definition 2.12. Two rre-component links L and L' in are height h (symmetric) 
Whitney tower concordant if there is a collection of transverse framed cylinders Cj (i = 
1, . . . ,?re) immersed in x [0, 1] which joins the 0-framed ith components of —L x 
and L' X 1, and there is a Whitney tower of height h — 1 based on the Cj. 

Note that "height h — 1" is not a typo. This is because the following convention: the 
immersed annuli Cj are said to be the height one part of the Whitney tower concordance. 
(— L X U L' X 1 is said to be the height zero part; see also |COT03( Definition 7.7].) 

The following is a Whitney tower analogue of the fact that the exteriors of concordant 
links are, as bordered 3-manifolds, relatively homology cobordant. 

Theorem 2.13. // two links are height h + 2 Whitney tower concordant, then their 
exteriors are height h Whitney tower cobordant, as bordered 3-manifolds. 

The proof is parallel to that of |COT03( Theorem 8.12]. Details are omitted. 

Another well-known notion generalizing link concordance is grope concordance. We 
consider symmetric gropes only, which have a height. For the reader's convenience we 
give definitions below. 
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Definition 2.14. Let n be a nonnegative integer. A grope of height n based on a circle 
7 is defined inductively as follows. A grope of height based on 7 is 7 itself. A grope 
of height n based on 7 consists of a genus g oriented surface S bounded by 7, and 2g 
symmetric gropes of height n — 1 based on a circle which is attached to S along 2g 
simple closed curves ai, . . . ,ag,bi, . . . ,bg on S which form a symplectic basis (that is, 
the geometric intersections are given by ai-aj = = bi- bj , Oj • bj = Sij ) . A grope of height 
n.5 based on 7 consists of a genus g oriented surface S bounded by 7 and g symmetric 
gropes of height n based on a circle attached to S along the half basis curves Oj, and g 
symmetric gropes of height n — 1 based on a circle attached to S along the remaining 
curves bj. The surface S above is called the 1st stage of the grope. 

An annular grope of height h is defined by replacing S above with a genus g oriented 
surface with two boundary components. 

A grope embeds into in a standard way, and then into via M'^ C M^. A framed 
embedding of a grope in a 4-manifold is an embedding of a regular neighborhood of its 
standard embedding in M^. 

Definition 2.15. Two m-component links L and L' in are height h grope concordant 
if there are m framed annular gropes Gj (i = 1, . . . , m) disjointly embedded in S"^ x [0, 1] 
which are cobounded by the zero-framed ith components of —L x and L x 1. 

Schneiderman showed that if a knot is height h grope concordant to the unknot, then 
the knot is height h Whitney tower concordant to the unknot |Sch061 Corollary 2]. One 
can verify that his proof in [Sch06^ Section 6] can be carried out for the case of grope 
concordance between links: 

Theorem 2.16 (Link version of |Sch061 Corollary 2]). Two links are height h Whitney 
tower cobordant if they are height h grope concordant. 

We remark that the converse of Theorem 12.161 is unknown, while the asymmetric 
analogue (obtained by replacing "height" with "order") and its converse are both true 
due to [ScE06] . 

Applying Theorem 12.131 and Theorem 12.91 we obtain the following result immediately: 

Corollary 2.17. // two links are height n + 2.5 Whitney tower concordant or height 
n + 2.5 grope concordant, then their exteriors are n.b-solvably cobordant, as bordered 

3- manifolds. 

Remark 2.18. Since x [0, 1] is spin, one can strengthen the conclusions of Theo- 
rem 12.131 and Corollary I2.17| using Remark 12.101 there exist a spin height h Whitney 
tower cobordism and a spin /i-solvable cobordism between the exteriors. 

Remark 2.19. Everything in this paper can be carried out in both topological (as- 
suming submanifolds are locally flat) and smooth category. Indeed, regarding our setup 
given in this section, one can see that the topological and smooth cases are equivalent in 
the following sense. (1) Two bordered 3-manifolds are topologically h-solvably cobordant 
if and only if these are smoothly h-solvably cobordant. (2) Two links are topologically 
height h Whitney tower (resp. grope) concordant if and only if these are smoothly height 
h Whitney tower (resp. grope) concordant. We give only a brief outline of the proof, 
omitting details. (1) From a topological /i-solvable cobordism, one obtains a smooth 

4- manifold by taking connected sum with lE'gl^SCP^ if the Kirby-Siebenmann invari- 
ant is nonzero, and then with copies of S"^ x S"^, where \E^\ is Freedman's manifold 
with intersection form |FQ90[ Chapter 10]. One can see that the result is an h- 
solvable cobordism, using that Eg^SCP'^ and S'^ x 5^ are simply connected and have 
a 0-lagrangian with 0-duals. (2) Appealing to Quinn's smoothing theorem |FQ90[ §8.1], 
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a topological height h Whitney tower concordance in x [0, 1] deforms to a smoothly 
immersed 2-complex in such a way that new intersections are paired up by topological 
Whitney disks. It turns out that similar smoothing arguments repeatedly applied to the 
topological Whitney disks give a smooth Whitney tower concordance of desired height. 
For a topological grope concordance, the above smoothing arguments combined with 
Schneider man's method [Sch06[ Theorem 5] that converts Whitney towers to gropes 
give a desired smooth grope concordance. 

2.5. Basic properties of an //i-cobordism 

In this section we give proofs of a few basic observations used in the earlier parts of this 
section, for completeness and for the convenience of readers. 

Lemma 2.20. Suppose W is an Hi-cobordism between bordered 3-manifolds M and M' . 
Then the following hold: 

(1) Hi{W, M) = = Hi{W, M') for i ^ 2. 

(2) W is a homology cobordism if and only if H2{W,M) = 0. 

(3) The map H2{W) H2{W,M) is surjective, and consequently H2{W,M) = 
Coker{F2(M) ^ H2iW)}. Similarly for M' . 

(4) H2{W^M) and H2{W, M') are torsion-free abelian groups of the same rank. 

Proof. (3) and (l)i<2 follow from the long exact sequence and the f^i-cobordism con- 
dition. By the Poincare duality for relative cobordism and the universal coefficient 
theorem, we have H2{W,M) = Rom{H2{W, M'),Z). From this (4) follows. Also it im- 
plies (l)i>2 since Hi{W, M) = Hom(F4_i(VF, M'), Z) = for i > 2. Now (2) follows 
from (1). □ 

Lemma 2.21. Suppose W is an Hi-cobordism between bordered 3-manifolds M and M' 
and ii,...,£^eH2{W). 

(1) // the ii form a basis of a summand of H2{W, M), then there are di, . . . , dm G 
H2{W) satisfying Xo{ii,dj) = 6ij. 

(2) If XQ{£i,ij) = for any i,j and there exist di,...,dm € H2(W) satisfying 
Xo{£i,dj) = 5ij, then {£i,dj} is a basis of a summand of H2{W,M). Conse- 
quently, if in addition m = ^TankH2{W, M), then {£i} generates a 0-lagrangian 
and {£i,dj} is a basis of H2{W,M). 

We remark there are several useful consequences of Lemma 12.2 li First, it follows that 
any 0-lagrangian has 0-duals. From this Proposition [23] follows, since surgery on framed 
embedded spheres generating a 0-lagrangian eliminates the 0-duals as well. Finally, in 
Definition 1 2. 3 1 the roles of M and M' can be switched. 

Proof (1) Let PD : H2{W,M) }iom{H2{W, M'),Z) be the relative Poincare duality 
isomorphism. Extend the classes of the £i to a basis of H2{W,M) and choose a basis of 
H2iW, M') = Hom(Hom(i?2(VF, M'), Z), Z) dual to PD{£i). Since H2{W) H2{W, M') 
is surjective, the dual basis elements are represented by some di G H2{W). By definition, 
viewing Aq as H2{W) — Hom(i/2(VF), Z), Aq is the composition of inclusion-induced 
maps with the isomorphism PD : H2{W,M) Hom{H2iW, M'),Z). Thus Xoi£i,dj) = 
PD{£i){dj) — 5ij as desired. 

(2) Let A = Z^™ which is endowed with the standard basis {cj}, and /: A — )• 
H2{W, M) and g: A H2{W, M') be the maps sending to the image of £i for i < m 
and to the image of for i > m. Then the composition 



A 



f 



H2{W,M) 



PD 



> Rom{H2iW,M'),Z) 




Hom(^,Z) 
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is represented by the block matrix [ 5 ^ ] • In particular it is an isomorphism. Since all 
the terms in the composition are free abelian groups of rank 2m, it follows that / is an 
isomorphism. □ 



3. Amenable signature theorem for Whitney towers 

We denote by J\fG the group von Neumann algebra of a discrete countable group G. For 
a finitely generated A/'G-module M, the L'^ -dimension dim^^^ M £ M>o can be defined. 
For more information on J\fG and the L^-dimension, see Luck's book |Liic02] and his 
paper |Luc98) . Also [Chal Section 3.1] gives a quick summary of the definition and 
properties of the L^-dimension which are useful for our purpose. 

The algebra J\fG is endowed with the natural homomorphism ZG — ?> J\fG, so that 
one can view AfG as a AfG-'ZG bimodule. For a finite CW pair {X, A) endowed with 
TTi{X) G, its cellular homology H^{X, A;MG) with coefficients in AfG is defined to 
be the homology of the chain complex MG (8)ZG G^:{X, A; ZG). We denote the L^-Betti 
number by 

b'f\x,A;MG) = dim(2) Hi{X,A;MG). 

When the choice of 7ri{X) G is clearly understood, 6^^ {X, A] AfG) is denoted by 
b?\x,A). 

We denote by bi{X,A;R) the ordinary Betti number dimji Hi{X , A; R) for a field R, 
particularly ioi R = Q or Z/p. We write bi{X,A) = bi{X,A;Q) as usual. 

For a closed 3-manifold M and a homomorphism (p : tti (M) G into a discrete count- 
able group G, we denote the von Neumann-Cheeger-Gromov p-invariant by p^"^^ (M, </)) € 
R. See, for example, |(X)Tn3[ Section 5] as weh as [OWnSI IHarOSI ICihaOSI l(X)12j as 
references providing definitions and properties of p^"^^ (M, (p) useful for our purpose. 

Definition 3.1. 

(1) A discrete group G is amenable if there is a finitely additive measure on G which 
is invariant under the left multiplication. 

(2) For a commutative ring R with unity, a group G lies in Strebel's class D{R) if a 
homomorphism a: P ^ Q between projective i?G-modules is injective whenever 
Ir 'Sirg " : R ®J?G P ^ R ®RG Q is injective |Str74] . 

The main result of this section is stated below. 

Theorem 3.2 (Amenable Signature Theorem for solvable cobordism). Suppose W is a 
relative cobordism between two bordered 3-manifolds M and M' , G is an amenable group 
lying in D{R), R = Z/p or Q, and G("+^) = {e}. Suppose 4>: ■ki{M\JqM') G extends 
to 'TTi{W), and either one of the following conditions holds: 

(2) 

(I) W is an n.b-solvable cobordism and b\ {M;AfG) = 0. 
(II) W is an n.b-solvable cobordism, \(j){TTi{M))\ = oo, and 

bfiMUg M';NG) > bi{M; R) + b2{M; R) + b'siM; R) - 1. 

(Ill) W is an (n + l)-solvable cobordism. 
Then p^'^\M Uq M' , (/)) = 0. 

Remarlc 3.3. 

(1) The class of amenable groups in D{R) is large. For example see |C012j . especially 
Lemma 6.8 and the discussion above it. As a special case, Theorem 13.21 can be 
applied when G is a PTFA group satisfying G("+^) = {e}. 
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(2) Case (I) provides a new interesting case. Section [312] gives some useful instances 
to which case (I) apphes. In particular case (I) will be used to provide new 
applications to links with nonvanishing linking number in this paper. See Sec- 
tion m Cases (II) and (III) are closely related to previously known results. See 
Section [3.31 Further applications of (II) and (III) will be given in other papers. 

(3) The assumption |0(7ri(M))| = cxd in case (II) is not severe, since in many cases 
we are interested in infinite covers of M to extract deeper information. 

Recall from Corollarv l2.17l that if two links are height h + 2 Whitney tower (or grope) 
concordant, then their exteriors are /i-solvable cobordant. Therefore Theorem 13.21 also 
obstructs height n + 2.5 and n + 3 Whitney tower (and grope) concordance of links. 

The proof of Theorem 13.21 is given in Section 13.11 Readers more interested in its 
applications and relationship with previously known results may skip the proof and 
proceed to Sections 13. 2^ 13.31 and then to Section HI 

3.1. Proof of Amenable Signature Theorem 13.21 

To prove Theorem l3.2l we need estimations of various L^-dimensions. One of the primary 
ingredients is the following result which appeared in jCha] : 

Theorem 3.4 ( jChal Theorem 3.11]). 

(1) Suppose G is amenable and in D{R) with R = Q or TLjp, and C* is a projective 
chain complex over 7LG with Cn finitely generated. Then we have 

dim(2) Hn{NG (g) C) < diinRHn{R ® C^). 

IG 1G 

(2) In addition, if {xi}i£i is a collection of n- cycles in Gn, then for the submodules 
H C Hn{NG ® G^) and H C Hn{R C*) generated by {[lj\fG 'H' Xi]}i^j and 
{[1/j (g) respectively, we have 

dim(2) Hn{MG ^ C*) - dim(2) H < dim/j,F„(i? ® C*) - diuiRH. 

ZG ZG 

Lemma 13.51 below states various Betti number observations for an i/i-cobordism. We 
remark that only Lemma 13.51 (1), (2) are used in the proof of Amenable Signature 
Theorem 13.21 (I) and (III). Lemma [331 (3)-(7) are used in the proof of case (II). 

Lemma 3.5. Suppose W is a relative Hi-cobordism between M and M' , R = Q or 'Ljp, 
and (j): 7Ti{W) G is a homomorphism into an amenable group G in D{R). Then the 
following hold: 

(1) bf\w,M) =0 fori ^2. 

(2) bf\w,M) = b2{W,M) = b2{W,M;R). 

(3) h^^\w,dW) ={) = bf{W). 

(4) bf\w,dW) = = bf\w) if either dM ^ % or Im{^i(M) ^ tti{W) G] is 
infinite. 

(5) b^P{W,dW) = = b'i^\w) i/Im{7ri(VF) ^ G} is infinite. 

(6) bi{W,dW) = b^iW) = bsiM). 

(7) b2iW) = b2iM) + b2iW,M) andb2iW;R) = b2{M;R) + b2iW,M;R). 

Proof. Recall that W, M, M' are all assumed to be connected by our convention. 
(1) Applying Theorem 13.41 (1) to the chain complex C*(iy^,M;ZG), it follows that 

bf\w, M) < bi{W, M; R). Thus b'f\w, M;MG) = for i / 2 since b^{W, M; R) = for 
z 7^ 2 by Lemma 12.201 (1) and an easy application of the universal coefficient theorem. 
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(2) Note that b2{W,M) = b2{W,M;R) by Lemma E^O] (1), (4) and the universal 
coefficient theorem. Since the Euler characteristic of {W, M) can be computed using 
either bi{-) or bf\-;MG), from (1) it fohows that b^^\w, M;MG) = b2{W,M). 

(3) Since W is connected and dW is nonempty, we may assume that there is no 
0-cell in the CW complex structure of the pair {W,dW). It follows immediately that 

b'^Q\w,dW) = 0. By duality, bf\w) = b'^Q\w,dW) = 0. 

(4) First we show that b^i}\M,dM) = 0; if dM / 0, then b^^\M,dM) = as 
in (3). If the image of 7ri(M) in G, say H, is infinite, then dim^^^ ffo(M; ATG) = 
dim(2)7\AG ®CG C[G/H] = by [Liicn2[ Lemma 6.33], [Liic98[ Lemma 3.4]. 

Now consider the long exact sequence of the triple {W,dW,M') combined with an 
excision isomorphism: 

Hi{W,M'-MG) Hi{W,dW;MG) Ho{dW,M';MG) ^ Ho{M,dM;MG) 

(2) 

From (1) above with M' in place of M, it follows that b\ '{W,dW) = 0. By duality 

bf\w) = o. 

(2) 

(5) By the argument in (4), | Im{7ri(l^) — > G}| = oo implies bg (W) = 0. By duality 
bf\w,dW) = 0. 

(6) The first equality follows from Poincare duality. By Lemma 12.201 (1), b^iW, M) = 
= b4^{W,M). From the long exact sequence of (W,M), the second equality follows. 

(7) The conclusion follows from the exact sequence 

Hs{W,M) — y H2{M) H2{W) — > H2{W,M) Hi{M) — > Hi{W) 

by observing that H^{W,M) ^ H^iW.M') = and Hi{M) ^ HiiW). Similarly for 
i?-coefficients. □ 

Proof of Theorem \3.SX Recall from our assumption that W is an ffi-cobordism between 
M and M' and (/>: 7ri(VF) — )• G is a homomorphism where G is amenable and in D{R) 
and G^'^+i) = {e}. 

Since dW = M Ug M' over G, the p^^^ -invariant is computed by the formula 

(M Ua M',cp)= sign(2) W - sign W 

where sign^^^ W denotes the L^-signature of W over J\fG, and sign W is the ordinary 
signature. 

Since H2iyV) — > H2iyV,M) is surjective by Lemma 12. 2^ the ordinary intersection 
pairing of W is defined on H2{W, M) as a nonsingular pairing. Furthermore, since there 
is a 0-lagrangian, this intersection pairing is of the form [/ • From this it follows that 
sign W = 

In the remaining part of the proof we show sign^^^ = 0. By definition sign^^-* W is 
the L^-signature of the intersection form 

H2{W;NG) X H2{W-MG) ^ MG. 

This induces a hermitian form, say Aa, on A := lm.{H2{W]J\fG) H2(W,dW;MG)}, 
and \a is -L^-nonsingular in the sense of |Chal Section 3.1], namely both the kernel and 
cokernel of the associated homomorphism A A* = }iom(A,AfG) given by a i— > (6 i— 
\{b,a)) have L^-dimension zero. We have sign^^^ W = sign^^^ since the intersection 
form vanishes on the image of H2{dW]J\fG). 

Now we consider the three given cases. To simplify notations we write vr = tti(W), 
m = i62(W,M). 
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Case (I). For notational convenience, we exchange the roles of M and M', namely 
assume 6^ ''(ikf') = 0. Suppose L is an (?i..5)-lagrangian in bmce 
ig trivial, (/>: vr — > G induces a homomorphism vr/vr^"^^^ G. We denote by L' 
and L" the images of L in ff2(VF, M; A^G) and H2{W,dW]MG) respectively. 

Note that the images of L in H2{W,M]R) and H2iyV,dW]R) have i?-dimension m, 
since the image of L in H2{W]R) has 0-duals by Lemma 12.211 (1). Applying The- 
orem [33] (2) to a collection of 2-cycles in C^(W, M;ZG) generating the submodule 
L' C H2{W, M;AfG), and then by applying Lemma 13.51 (2). we obtain 

dim(2) L' > b^2\w, M) - 62 (VF, M;R) +m = m. 

By duality we have (M' ,dM') = b\ (M') = 0. Looking at the exact sequence of 
the triple {W, dW, M) 

H2{M',dM';MG) H2{W,M;NG) ^ H2{W,dW;MG), 

the second homomorphism a is L^-monic, namely its kernel is of L^-dimension zero. 
From this and the above paragraph, it follows that dim^^^ a{L') = dim*-^^ L' > m, that is, 
dim^^^ L" > m. (Recall that a{L') = L" by definition.) On the other hand, since the map 
H2iW]AfG) H2iW,dW;AfG) factors through H2iW, M;AfG), we have dim^^) ^ < 
b^2\w, M) = 2m by Lemma ES] (2). 

Summarizing, A^^ vanishes on the submodule L" satisfying dim^'^^ L" > ^ dim*-^-* A. 
Now we apply the L^-version of "topologist's signature vanishing criterion": if A: ^ x 
A — > J\fG is an L^-nonsingular hermitian form over J\fG and there is a submodule 
H C A such that X{H x H) = and dim^^) H > ^ dim^^) A, then sign^^) A = 0. (See 
[Chal Proposition 3.7].) In our case, it follows that sign^^^ Xa = 0. This completes the 
proof of (I). 

Case (II). Recall the assumption that W is an n.5-solvable cobordism, \(j){TTi{M))\ = 
00, and 6f^(M Ug M') > bi{M;R) + b2{M;R) + b^{M]R) - 1. Let A, L" be as in 
case (I). We will use alternative estimates of the L'^-dimensions to show that dim*-^-* L" > 
^ dim^^^ A. First, applying Theorem 13.41 (2) to (the 2-cycles generating) L" as a sub- 
module of H2{W,dW;N'G) and then using Poincare duality, we obtain 

dim(2) L" > bf {W, dW) - 62 (VF, dW; R)+m 
= bf\w)-b2{W;R)+m. 

By looking at the homology long exact sequence for {W,dW), we have 
dim(2) A = ftf ^(ly, dW) - bf\dW) + bf\w) 

= bf\w) - bf\dW) + bf\w) 

since bf\w,dW) = by Lemma ES] (4). It follows that 

2dim(2) L" - dim(2) A > 6^^^(H^) - bf\w) - 262 (VF; R) + bf\dW) + 2m. 

(2) 

Computing the Euler characteristic of W using bi{W;R) and then using bl (W), we 
obtain 

bf\w) - bf^ {W) = b2{W; R) - bi{W- R) + l- 63 (M; R) 
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by Lemma [331 (3). (4), (5), and (6). Plugging this into the last inequality and then using 
the fact Hi{W; R) = Hi{M; R) and Lemma [33] (7), it follows that 

2dim(2) L" - dim(2) A > bf\dW) - bi{W; R) - 62 (VF; R) - 63 (M; R) + 2m + l 
= bf\dW) - bi{M; R) - b2{M- R) - b^iM; R) + L 

Therefore dim*^^-* L" > ^ dim*-^^ A under our hypothesis. This proves (II). 

Case (III). Now suppose W is an (n + l)-solvable cobordism. Suppose that L is 
an (n + l)-lagrangian generated by G H2{W;Z[7r/Tr^''+'^^]) and di,...,dm G 

H2{W; Z[7r/7r("+^)]) are (n + l)-duals satisfying Xn+i{ii, dj) = 5ij. Let I'l be the image of 
li in H2{W, dW; NG). The images d"^ G H2{W] MG) of the dj are dual to I'l with respect 
to the intersection pairing H2{W, dW]MG) x H2{W]MG) MG. It follows that the f/ 
are linearly independent in H2{W, dW ] M G) over MG. Therefore, the I'l generate a free 
A/'G-module L" C A C H2{W,dW\MG) of rank m, and in particular dim*^^) L" = m. 
Since dim^^) A < b^^\w,M) = 2m as in case (I), it follows that dim^^^ L" > ^ dim^^) A. 
This completes the proof of (III). □ 

3.2. Vanishing of the first L^-Betti number 

In this subsection we discuss some cases to which Amenable Signature Theorem 13.21 (I) 
applies. We begin with a general statement providing several examples with vanishing 
first L^-Betti number, which generalizes [Chal Lemma 3.12], |CUT031 Proposition 2.11]. 

Proposition 3.6. Suppose G is amenable and lies in D{R) for R = "L/p or Q. Suppose 
A ^ X is a map between connected finite complexes A and X inducing a surjection 
Hi{A; R) — > Hi{X; R). If (p: T^iiX) G is a homomorphism which induces an injection 
TTiiA) G, then bf\X;MG) = bf\A;MG) = 0. 

Proof. By the assumption, Hi{X, A; R) = 0. By applying Theorem 13.41 (1) to the 

(2) 

chain complex C^{X, A-jTjG), we obtain b\ {X,A) = 0. From the A/'G-coefficient ho- 

(2) (2) 

mology long exact sequence for {X,A), it follows that b\ {X) < b\ (A). Since the 
induced map 7ri(A) — >• G is injective, the G-cover of ^4 is a disjoint union of copies 
of the universal cover of A. Consequently Hi(A;CG) = 0. By the universal coeffi- 
cient spectral sequence, Hi{A;MG) = Tovf^ {MG, Ho{A;CG)). Since G is amenable, 
bf\A) = dim(2) Torf^iMG, Ho{A; CG)) = by |Liicn2[ Theorem 6.37]. □ 

Exteriors of two- component links with nonvanishing linking number. 

Theorem 3.7. Suppose L is a two component link with exterior M , and suppose either 
(i) R = <Q and lk(L) 7^ 0, or (ii) R = TLjp and lk(L) is relatively prime to p. Suppose 
G is an amenable group in D{R). If 4>: ■ki[M) G is a homomorphism which the 

abelianization 7ri(M) — > 7? factors through, then b^f\M;MG) = 0. 

Proof. Let A be a (toral) boundary component of AI. From the linking number condition, 
it follows that Hi{A;R) — t- Hi{M;R) is an isomorphism. Also, the composition 

Z2 = 7ri(^) -^TTiiM) ^I? 

is injective, since tensoring it with R one obtains Hi{A;R) — ?• Hi{M; R). Therefore by 

——— (2) 
Proposition 13.61 we conclude that 6p(M) = 0. □ 

We will investigate an application of Theorem 13.21 (2) to this case in Section HI 
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Knot exteriors. Proposition 13.61 also applies to {X, A) = (Af, /u), where M is the exterior 
(or the zero-surgery manifold) of a knot and ^ is a meridian. Indeed this case is none 
more than [Cha', Lemma 3.12], as done in [Cha[ Proof of Theorem 3.2]. In the special 
case of a PTFA group G, a similar result appeared earlier in [CQT03t Proposition 2.11]. 

3.3. Relationship with and generalizations of previously known results 

Here we discuss some known results on L^-signature obstructions as special cases of 
Theorem 13.21 

Obstructions to knots being n.b-solvable. In (COT03| . the notion of an /i-solvable knot 
was first introduced. A knot K is defined to be /i-solvable if its zero-surgery bounds a 
4-manifold W called an /i-solution (see [COT031 Definitions 1.2, 8.5, 8,7]), which is easily 
seen to be a spin /i-solvable cobordism between the exterior of K and that of a trivial 
knot. The following theorem, which appeared in |Chaj . is an immediate consequence of 
our Amenable Signature Theorem 13.21 (see also the last paragraph of Section 13. 2p . 

Theorem 3.8 ( |Chal Theorem 1.3]). If K is an n.5-solvable knot, R = Q or TLj-p, G is 
an amenable group in D{R), = {e}, and^: Tii{M{K)) G is a homomorphism 

that sends a meridian to an infinite order element and extends to an n.5-solution, then 
P^^\M{K),(^) = 0. 

We note that [Cha, Theorem 3.2], which is a slightly stronger version of Theorem 13.81 
is also a consequence of Theorem 13.21 Also, the following theorem of Cochran-Orr- 
Teichner [CUT03j is a consequence of our Theorem 13 . 2 1 since it follows from Theorem 13.81 
as pointed out in [Cha] : 

Theorem 3.9 ([ COT031 Theorem 4.2]). If K is an n.5-solvable knot, G is poly-torsion- 
free-abelian, G^""'"^) = {e}, and <f>: tti{M{K)) G is a nontrivial homomorphism ex- 
tending to an n.b-solution, then p^'^^M (K) , (p) = 0. 

Remark 3.10. On the other hand, the homology cobordism result and concordance 
result given in [CU121 Theorem 7.1] and \Ch.a\ Theorem 1.2] are potentially stronger 
than our Amenable Signature Theorem 13. 2t in particular these do not require that the 
group G is solvable. It is an extremely interesting open question if certain non-solvable 
amenable signatures actually reveal something beyond solvable groups. 

Harvey's pn-invariant and Whitney tower cobordism. In this subsection we observe that 
the homology cobordism invariants of Harvey |Har08j are indeed invariant under Whit- 
ney tower cobordism. 

For a group G, Harvey defined a series of normal subgroups G = gP D G« D 

• • ■ D D • • • which is called the torsion-free derived series |CH051 IHar08j . A key 
theorem of Harvey [Har081 Theorem 4.2] says the following: for a closed 3-manifold M, 
p„{M) := /)(2)(M,7ri(M) 7ri(M)/7ri(M)^'^^^) G M is a homology cobordism invariant. 
This can be strengthened as follows: 

Theorem 3.11. Suppose M and M' are closed 3-manifolds. Let {M) be the L'^-Betti 
number over AA(7ri(M)/^i(M)i^+^^), and define bf\M') similarly. 

(1) If M and M' are height n + 1 Whitney tower cobordant, then Pn{M) = pn{M'). 

(2) If M and M' are height n.5 Whitney tower cobordant and either b\ (M) = or 

bi{M) and bf\M) + bf\M') > bi{M) + b2{M) + b^{M) - 1, 
then Pn{M) = Pn{M'). 
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Proof. We will prove (1) and (2) simultaneously. By Theorem 1 2 . 9 1 and Remark l2.11l there 
is an /i-solvable cobordism W between M and M' , where /i = n + 1 in case of (1) and 
h = n.5 in case of (2). We have Hi{M) ^ Hi{W). Also H2{W;Z[Tri{W)/Tri{W)^''^]) 
H2{W) is surjective, since there is an n-lagrangian admitting n-duals. Since tti 
7ri{W)^^\ we can apply the Dwyer-type injectivity theorem |CH081 Theorem 2.1] to 
7ri(M) — > TTi{W) to conclude that the quotient 7ri(M)/7ri(M)^^"^^ injects into F := 

7ri(W^)/7ri(VF)^^^^ under the inclusion-induced map. By the L^-induction property (for 
example, see |(X;85I p. 8 (2.3)], |(X)Tn3[ Proposition 5.13]), it follows that p„(M) = 
p(2)(M,7ri(M) ^ r) and 5f^(M) = 6f^(M, A/T). Similarly for M' . 

Our r satisfies r'^""'"^) = {e}, and is known to be amenable and in D{Q). Also, 
bi{M) 7^ implies |r| = oo. Therefore by applying Theorem 13.21 (III) and (II), it follows 
that p'-^\M,TTi{M) ^ r) = />(2)(M',7ri(M') ^ T) from the hypothesis of (1) and (2) 
respectively. □ 

Harvey's pn-invariants and h-solvable links. Harvey and Cochran-Harvey also gave pn- 
invariant obstructions to being /i-solvable |Har08l Theorem 6.4], | CH0 8l Theorem 4.9, 
Corollary 4.10]. Their relationship with our Amenable Signature Theorem 13.21 is best 
illustrated in case of links, as discussed below. 

The notion of an /i-solution of a link L in |COT03j is related to a spin /i-solvable 
cobordism between the exterior El of L and the trivial link exterior Eq, similarly to 
the knot case, though the details are slightly more technical. We give an outline below, 
omitting details. Let N be the exterior of the standard slice disks in for a trivial 
link O. Given a spin /i-solvable cobordism W between El and Eq, it can be seen that 
V := W Ueq N is an /i-solution for L in the sense of |CUT03j by a straightforward 
computation of Hi and H2. Conversely, if V is an /i-solution for L, it turns out that 
there is an embedding of into V in such a way that W := V — N is an /i-solvable 
cobordism between El and Eq- In fact, if one chooses disjoint arcs ji in V joining a 
fixed basepoint in int(y) to a meridian pi of the ith component of L, then a regular 
neighborhood of |Ji(7i U l^i) is homeomorphic to N. 

Now suppose L has m components and ni(W) G is given as in Theorem 13.21 

Then, it turns out that the Betti number condition in Theorem 13.21 (II) is equivalent 

(2) 

to b\ '{ML) > m - 1, if the image of each meridian of L in G has infinite order. So, 

for G PTFA, one recovers the Cochran-Harvey rank condition in |CH081 Theorem 4.9, 

(2) 

Corollary 4.10]. Indeed, in our Betti number condition b\ {El Uq Eq) > bi{Eo;R) + 
b2{Eo] R) + b^{Eo;R) — 1, one can show that bi{Eo) = m, b2{Eo) = m — 1, and 

furthermore bf\EL U9 Eq) = bf\EL) + bf\Eo) and bf\EL) = bf\ML), bf\Eo) = 
m — 1. From this it follows that our Amenable Signature Theorem 13.21 (II) specializes 
to the yO„-invariant obstruction to links being n.5-solvable |CH081 Corollary 4.10]. 



4. Grope and Whitney tower concordance to the Hopf hnk 

In this section we give an application to concordance of links with nonvanishing linking 
number. Our goal is to prove the following result: 

Theorem 4.1. For any integer n > 2, there are links with two unknotted components 
which are height n grope concordant (and consequently height n Whitney tower concor- 
dant) to the Hopf link, but not height n.5 Whitney tower concordant (and consequently 
not height n.5 grope concordant) to the Hopf link. 
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We remark that the blow-down technique, namely performing (ibl)-surgery along one 
component and then studying the concordance of the resulting knot, might be useful in 
showing that our links in Theorem 14 . 1 1 are not slice. Nonetheless, it is unknown whether 
the blow-down technique could yield any interesting conclusion about the height of 
Whitney towers and gropes as our method does. 

4.1. Satellite construction and capped gropes 

To construct our example, we will use a standard satellite construction (often called 
infection) described as follows: let L be a link in S^, and rj be an unknotted circle in 
which is disjoint from L. Remove a tubular neighborhood of rj from S^, and then attach 
the exterior of a knot J along an orientation reversing homeomorphism on the boundary 
that identifies the meridian and 0-longitude of J with the 0-longitude and meridian of r], 
respectively. The resulting 3-manifold is again homeomorphic to S^, and the image of 
L under this homeomorphism is a new link in S^, which we denote by L(r], J). We note 
that the same construction applied to a framed circle r] embedded in a 3-manifold M 
gives a new 3-manifold, which we denote by M{r], J). 

Recall that a capped grope is defined to be a grope with 2-disks attached along each 
standard symplectic basis curves of the top layer surfaces (see, e.g., |FQ90[ Chapter 2]). 
These additional 2-disks are called the caps, and the remaining grope part is called the 
body. We remark that an embedded capped grope in this paper designates a capped 
grope embedded in a 4-manifold. In particular not only the body but also all caps are 
embedded, while capped gropes with immersed caps are often used in the literature. 

Our construction of grope concordance depends on the following observation. For 
convenience, we use the following terms. Recall that we denote the exterior of a link L 
hy El. 

Definition 4.2. We call {L,r]) a satellite configuration of height n if L is a link in S^, rj 
is an unknotted circle in disjoint to L, and the 0- linking parallel of r/ in i?^ = x 
bounds a height n capped grope G embedded in E"^ x [0, 1] with body disjoint to L x [0, 1] . 
We call G a satellite capped grope for {L,r]). 

We remark that by definition a satellite configuration (L, rj) of height zero is merely 
a link L with an unknotted curve ij disjoint to L. 

Proposition 4.3 (Composition of satellite configurations). Suppose {L,r]) is a satellite 
configuration of height n, and {K, a) is a satellite configuration of height m > with K a 
knot. Let L' = L{rj, K). Then, viewing a as a curve in via a C Ek C Ek U i?_Lu»? = 
E^i , (L', a) is a satellite configuration of height n + m. 

Proof. Suppose H \s a. satellite capped grope of height m for [K,a). We may assume 
that the intersection of H with a tubular neighborhood of X x [0, 1] consists of disjoint 
disks Di , . . . , Dj. lying on caps of H and dDi is of the form ^ x ti, where /i is a fixed 
meridian of K and ti € (0, 1) are distinct points. 

Suppose G is a satellite capped grope for {L,r]). Let U be the union of r parallel 
copies of G in Eff X [0, 1] such that the boundary of U is |Jj(parallel copy of rj) x ti. Let 
V = H n {Ek X [0, 1]). Note that the boundary of y is |Jj /i x ti and // is identified with 
a parallel copy of r] under the satellite construction. Now 

U\JV (l{E^x [0, 1]) U [Ek X [0, 1]) ^ 5^ x [0, 1] 

is a desired satellite capped grope of height n -|- m for (L', a). □ 

We remark that the construction used above may be compared to [HorlOl Section 3]. 
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4.2. Building blocks 

A seed link. We start with a two-component link Lq given in Figure [21 (The curve rj 
and the dotted arc 7 are not parts of Lq.) 



The following properties of Lq and rj in Figure [2] will be crucially used in this section. 
In fact any {Lq^t]) with these properties can be used in place of our (Lo,r/). 

Lemma 4.4. 

(1) The link Lq is concordant to the Hopf link. 

(2) (Lq)^) is a satellite configuration of height one. 

(3) For a ^ 0, the Alexander module A = Hi{Eif^;'Ij[x^^,y^^]) of Lq is a nonzero 
1j[x^^ ^y^^]-torsion module generated by the homology class ofrj. 

In (3) above, the variables x and y correspond to the right and left components in 
Figure El respectively. 

Proof. (1) Applying a saddle move along the dotted arc 7 (see Figure [2|), the right com- 
ponent splits into two new components. One of these (which is the "broken middle tine" ) 
forms a Hopf link together with the left component of Lq. The other new component 
is easily isotoped to a separated unknotted circle since the ita twistings are now elimi- 
nated. This gives a concordance in 5^ x [0, 1] consisting of two annuli, one of which is 
a straight product of the left component of Lq and [0, 1], and another annulus has one 
saddle point and one local maximum. 

(2) By tubing the obvious 2-disk, it is easily seen that rj bounds an embedded genus 
one surface in the 3-space which is disjoint to Lq. In addition one can attach two caps 
which meet the left and right components of Lq once, respectively. This gives a desired 
satellite capped grope of height one. 

(3) A straightforward homology computation shows that Lq has Alexander module 



generated by [rj], where / = a{x + y~^ — xy~^ — 1) -|- 1. Details are as follows. 

The link Lq can be represented as the leftmost diagram in Figure [3l where (itl/a)- 
surgery curves are used instead of the ±a twists. By isotopy, we obtain the rightmost 
surgery diagram in Figure [3l with Lq given as the standard Hopf link in S^. By taking the 
universal abelian cover of the exterior x x [0, 1] of this Hopf link and then taking 
the lifts of the (ibl/a)-surgery curves, we obtain the universal abelian cover of -Blq 
as a surgery diagram in M? x [0, 1], which is shown in Figure jH It is isotopic to the 
"flattened" diagram in Figure O where the covering transformations x and y are given 
by shifting right and down, respectively. Obviously the framing on the lifts of the (1/a)- 
surgery curve is again 1/a. For the (— l/a)-surgery curve, since the +1 twists on the 




—a full twists 



Figure 2. A link which is concordant to the Hopf link 



H,{El, ; Z[x^\y^^]) = Z[x^\ y^^] / {f f) 
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horizontal bands in Figure [5] contribute additional —2 to the writhe of the base curve, if 
the framing on a lift is p/q then the base curve framing must be {p — 2q)/q. It follows 
that p/q = (2a — l)/a as in Figure [5l 




Figure 3. A surgery presentation of the seed link. 




Figure 4. The universal abelian cover of the seed link exterior. 

The first homology of the universal abelian cover of E^^ has two generators, namely 
the meridians of surgery curves u and v in Figure O as a module over Z[x^^,y^^]. 
The defining relations given by the surgery are read from the linking numbers of the 
various translations x^y^{u), x^y^{v) with the (l/a)-curve and {{2a — l)/a)-curve on the 
boundary of the tubular neighborhood of u and v. From this we obtain a presentation 
matrix 

— 1 a{x + — xy~^ — 1) 

a{x^^ + y — x^^y — 1) a{x + x~^ + y + y~^ — xy~^ — x~^y — 2) + 1 

of Hi{Elq;Z[x^^ ,y^^), with respect to the meridians /u^ and fi^ of the curves u and v. 
Here the first and second rows corresponds the (l/o)-curve and {{2a — l)/a)-curve of 
u and V respectively, and the first and second columns corresponds to u and v. For 
example, the (1, 2)-entry is equal to Ylij {x^yH'^)^ ((l/a)-curve around u))x^yK 
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Figure 5. Another diagram of the universal abehan cover. 

It follows that Hi{EL^;Z[x^^,y^^]) ^ Z[x^^ ,y^'^]/ {fj) , generated by Since the 
curve rj in Figure[2]is isotopic to (the zero-linking longitude of) the projection of a - [r/] 
is equal to ji^ in Hi{Elq;Z,[x^^ ,y^^]). It follows that [if\ is a generator. □ 

Seed knots. Another building block is a knot satellite configuration as in Lemma 14.51 
stated below. 

Lemma 4.5. There exist satellite configurations {K, a) of height one with K a slice 
knot such that the Alexander module Hi{EK','^\t^^]) of K is nonzero and generated by 
the homology class of a. 

It is folklore that such (K, a) is not rare. For example, |Cha071 Theorem 5.18] gives a 
construction of a ribbon knot with Alexander module Z[t^^]/ {P(t)'^) for any polynomial 
P{t) with integral coefficients satisfying -P(l) = ±1 and P{t~^) = P{t) up to multipli- 
cation by ibf, and for this knot it is not difficult to see that there is a curve a with 
the desired property. As an explicit example, straightforward computation shows that 
Stevedore's knot K with the curve a illustrated in Figure E] satisfies Lemma |4.5[ 

Figure 6. Stevedore's knot with a curve a bounding a grope of height one. 

Cochran- Teichner knot. Let J be the knot given by Cochran and Teichner in |CT07[ 
Figure 3.6]. We need the following nice properties of J. 

Lemma 4.6 ([UT07]). 

(1) J^i crj{uj) doj 7^ 0, where aj is the Levine- Tristram signature function of J. 

(2) For any connected sum Jq of copies of J, if (L, rj) is a satellite configuration of 
height n, then L{rj, Jq) is height n + 2 grope concordant to L. 
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We note that by applying (2) to {L,rj) = (unknot, meridian), J = L(rj,J) bounds a 
height 2 grope in D'^. 

Proof. (1) is [CT071 Lemma 4.5]. (2) is an immediate consequence of (a hnk version of) 
[CTHTI Corollary 3.14]. □ 

4.3. Construction of examples 

In the remaining part of this section we assume the following: 

(CI) {Lq,!]) is a satellite configuration satisfying Lemma [4.41 e.g., the seed link in 
Figure [2j 

(C2) {Ko,ao), {Kn-2,cen-2) are satellite configurations satisfying Lemma [4.51 

e.g., the Stevedore configuration in Figure [6j 
(C3) Jo is a connected sum of copies of a knot satisfying Lemma 14.61 

We define a two-component L by an iterated satellite construction as follows: let 
Jfc = Kfc_i(afc_i, Jfc_i) for fc = 1, . . . , n — 1 inductively. Define L = Lo{rj, Jn-i)- 

The link L can be described alternatively, by reversing the order of the satellite con- 
structions: define Li = Lo{7], Kn-2) and = Lfc_i(a„_fc, i^'„_fc_i) for A; = 2, . . . , n — 1. 
Note that as in Proposition 14.31 a„_fc can be viewed as a curve in Ek„_^. C El^_^ so 
that the inductive definition makes sense. Finally let L„ = L„_i(ao, J). Then the link 
Ln is exactly our L defined above. 

We note that since the curves r/ and ak are in the commutator subgroup of tii{El^) 
and tti{Ek,,) respectively, an induction shows that the top level curve oq lies in the nth 
derived subgroup 7ri{EL^_-^)^^\ 

Observe that if (Lq,??) is the one given in Figure [21 then each component of Ln is 
unknotted since the union of ij and any one of the two components of Lq is a trivial link. 

Proposition 4.7. The link L is height n + 2 grope concordant to the Hopf link. 

Proof. Note that (L„_i,ao) is a satellite configuration of height n by Proposition 14.31 
applied inductively. Therefore it follows that our L = Ln is height n+2 grope concordant 
to Ln-i by Lemma 14.61 Recall that for a link R and a curve P C — R, R{/3, J) is 
concordant to R{(3, J') if J is concordant to J'; a concordance is obtained by filling in 
(5^ — !/(/?) , R) X [0, 1] with the exterior of a concordance between J and J'. Applying this 
inductively to our second description of the links Li, it follows that L„_i is concordant 
to Lq since each Ki is slice. Consequently L„_i is concordant to the Hopf link by 
Lemma 14.41 □ 

4.4. Proof of the nonexistence of Whitney tower concordance 

The remaining part of this section is devoted to the proof of the following. From now 
on H denotes the Hopf link, and L denotes our link constructed above. 

Theorem 4.8. The exterior El of L is not n.5-solvably cohordant to the Hopf link 
exterior Eh. 

By Corollary I2.17[ it follows that our L is not height n -|- 2.5 grope (nor Whitney 
tower) concordant to the Hopf link. This completes the proof of Theorem 14.11 

In the proof of Theorem 14. 8[ we combine our Amenable Signature Theorem 13.21 with 
a construction of 4-dimensional cobordisms and a higher order Blanchfield pairing argu- 
ment, in the same way as done in |Cha[ Section 4.3]. This is modeled on (but technically 
simpler than) an earlier argument due to Cochran, Harvey, and Leidy, which appeared 
in [CHL09]. 
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Cobordism associated to an iterated satellite construction. Suppose W is an n.5-solvable 
cobordism between and Eh- We recall that associated to a satellite construction 
applied to a framed circle in a 3-manifold Y using a knot J, there is a standard 
cobordism from M(J) U F to Y{ri, J), namely (M(J) x [0, 1] U F x [0, 1])/ ~, where the 
tubular neighborhood of C 1^ x is identified with the solid tori (M(J) — intE'i) x 
[CHL091 p. 1429]. In particular our satellite construction gives a standard cobordism 
Ek from M(Jfc) U M{Kk) to M{Jk+i) for k = 0, . . . ,n - 2, and En^i from M(J„_i) U 
{Elo Ua Eh) to El Ua Eh- Define Wn = W, and for A; = n - 1, n - 2, . . . , 0, define Wk 
by 

VFfc = u Ek+i u • • • u n Wn 

M{Jk+i) M{Jk+2) Af(J„_i) ElUEh 

= Ek U Wk+i- 

M{Jk+i) 

Note that dWn = El Ug Eh and OWfc = M( J^) U M(ii:fc) U M(ii:fc+i) U • • • U M{Kn-2) U 
(-Elo Ua Eh) for A; < n. 

Representations on mixed-type commutator quotients. To construct solvable represen- 
tations to which we apply Amenable Signature Theorem 13.21 we use mixed-coefficient 
commutator series {V^tt} as in [Chal Section 4.1] and [COj Section 3.1]. For the reader's 
convenience we repeat the definition: for a group vr and sequence V = {Ro, - - - , Rn) where 
each Rk a commutative ring with unity, V^n is defined inductively by V^tt := vr and 

P'^+ivr := Ker |pV , ^ ^^J^'l, , ® Rk] 

Here we state the following facts, which are easily verified from the definition. Suppose 
V = {Rq, - - - , Rn) where Rk = Q. for k < n and Rn = Q or Z/p for p a fixed prime. Then 
for k < n, V^TT is the kth rational derived subgroup. In particular tt/V^tt is PTFA for 
k <n. We have vr^'') C V'^ir, and consequently for G = vr/7'"+^vr, G^"^^) = {e}. Also, 
by [Chal Lemma 4.3], G is amenable and in D{Rn). 
For Wq defined above, we have the following: 

A special case of Theorem 14.101 The projection 

00 : ^iW) ^ G := ^i(VFo)/7'"+Vi(iyo) 
sends the meridian of Jq that lies in M( Jq) C dW^ to an element in the abelian subgroup 
P"vri(VFo)/'P"^"'^vri(VFo) which has order oo if Rn = Q, and has order p if i?„ = Z,/p. 

Its proof is deferred to Section 14. 5[ 

Application of Amenable Signature Theorem. As an abuse of notation, we denote by 
various homomorphisms induced by 4>o (e.g., the restrictions of 4)q on vri(M(Jo)), 
7ri{ELoUdEH), and vri(M(Kfc))). For a 4-manifold X over G, we denote the L^-signature 
defect by Sg{X) := sigUQ^X) — sign(X). Then, the p^^) -invariant of dWo is given by 

n-2 

P^^\m{Jo)Ao)+P^''\El, Ua^^,</>o) + ^p(2)(M(Kfc),0o) 

n-1 

= p^'^HdW, 0o) = SciWn) + SciEk)- 

k=0 

Recall that Wn is assumed to be an n.5-solvable cobordism between Eh and El- Since 
the abelianization TTi{Wn) — > decomposes as vri(l^i) G G/G^^"^ = 1? ^ we have 
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(2) 

b\ {Eh'iMG) = by Theorem I3.7[ Therefore, by applying our Amenable Signature 
Theorem 13.21 (I) , we obtain 

/>(2)(EiU^i^,0o) = 5G(^n)=O. 

Also, according to |CHL091 Lemma 2.4], SciEk) = for each k. It follows that 

n-2 

p(2)(M(Jo), (Ao) = -P^^HElo Eh, M - ^ p^^HM{Kk), ^o). 

Due to Cheeger and Gromov |CG851 p. 23] (see also the discussion of |CT071 Theo- 
rem 2.9]), for any closed 3-manifold M there is a bound Cm such that \p^^\M, 0)| < Cm 
for any homomorphism (p of 7ri(M). Therefore, if 

n-2 
k=0 

then we derive a contradiction. That is. El and Eh are not n.5-solvably cobordant. 

The invariant p^'^^ {M (Jq) , (po) can be given explicitly as follows. By Theorem I4.1UI 
the map (po restricted on 7ri(M(Jo)) has image Z if = Q, Z/p if Rn = Z/p. Therefore 
by the L^-induction property and known computation of the abelian jo^^^ -invariant of a 
knot, (e.g., see |COT04l Proposition 5.1], [FriOSbl Corollary 4.3], |CU12l Lemma 8.7]), 
we have 

j Is^ '^Jo (^) if ii„ = Q 

where (Tjp(a;) is the Levine- Tristram signature function of Jq. Combining all these, we 
have proven the following: 



p(2)(M(Jo),a) 



Theorem 4.9. Suppose {Lq,!]), {Kk, ak) are fixed and satisfy (CI), (C2) in the beginning 
of Section \4.3\ If either J aj^{w)dw or X^^Zg '^Jo(e^'^'^^^^'^^), for some prime p, is 
sufficiently large, then for our link L, the exterior El is not n.5-solvably cobordant 
to Eh- Consequently L is not height n + 2.5 Whitney tower concordant and not height 
n -|- 2.5 grope concordant to the Hopf link. 

The last conclusion follows from the first conclusion by applying Corollarv 12.171 
In particular, since the Cochran- Teichner knot J satisfies Lemma [4.61 if we take as Jq 
the connected sum of sufficiently many copies of J, then by Theorem 14.91 our L is not 
height n -\- 2.5 Whitney tower concordant (and so not height n + 2.5 grope concordant) 
to the Hopf link. On the other hand, by Proposition 14.31 and Lemma [4.6l (2). L is height 
n + 2 grope concordant (and so height n + 2 Whitney tower concordant) to the Hopf 
link. This proves Theorem 14. H modulo the proof of Theorem 14. 10[ which is given next. 

4.5. Blanchfield bordism and nontriviality of solvable representations 

We will complete the proof of Theorem 14. ll bv proving the following nontriviality result: 

Theorem 4.10 (cf. [(]HLn9i Proposition 8.2], pial Theorem 4.14]). For each k = 
0, 1, . . . ,n — 1, the projection (f>k- ''^liWk) — t- T^i{Wk) /'P'^~''~^^iTi{Wk) sends a meridian 
Pk C M(Jfc) C dW of Jk into the abelian subgroup V''-''7ri{Wk)/V''-''+^TTi{Wk). Fur- 
thermore, 4>k{pk) has order p if Rn = Z/p and k = 0, and has order oo otherwise. 

We remark that although we use only the case of /c = in the proof of Theorem 14. ![ 
we state it in this generality since we need an induction argument for k = n — 1, . . . ,0 
in its proof. 
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Our proof of Theorem 14.101 is a variation of the higher order Blanchfield pairing 
technique which was first introduced by Cochran, Harvey, and Leidy, but different from 
arguments in earlier papers (e.g., [CHL09j . [CHL08] , [Cha] ) as discussed below. 

The notion of certain 4-manifolds cahed n-bordisms ('lll.l)!). Definition 5.1] plays an 
important role in understanding the behavior of solvable coefficient systems in earlier 
works. Its key property is that if a certain rank condition is satisfied (see, e.g., [CHL09[ 
Theorem 5.9, Lemma 5.10]), an n-bordism gives a submodule that annihilates itself 
under the higher order Blanchfield pairing of the boundary, generalizing the fact that 
the classical Blanchfield pairing of a slice knot is Witt trivial. This is an essential 
ingredient used in several papers to investigate higher-order coefficient systems. For 
example see |(mL09[ K^HLOSl IHorlOl IChi] . 

Generalizing this, we consider a 4-dimensional bordism that we call a Blanchfield 
hordism. Indeed for our purpose we need to use Blanchfield bordisms to which prior 
results of Cochran-Harvey-Leidy |CHL09l Theorem 5.9, Lemma 5.10] for ?i-bordisms do 
not apply. 

Blanchfield bordism. Throughout this section, R = Z/p or a subring of Q, and G is 
assumed to be a group whose group ring RG is an Ore domain. Our standard example 
to keep in mind is the case of a PTFA group G (see |COT031 Proposition 2.5] and [Chaj 
Lemma 5.2]). We denote the skew-field of quotient of RG by ICG. For a module M over 
an Ore domain, denote the torsion submodule of AI by tAI. 

Definition 4.11. Suppose is a 4-manifold with boundary and (j): 7ri{W) — > G is a 
homomorphism. We call {W,(p) a Blanchfield bordism if the following is exact. 

tH2{W, dW; RG) — > tHi{dW; RG) tHi{W; RG) 

When the choice of R is not clearly understood, we call {W, (p) an i?-coefficient Blanch- 
field bordism. 

The key property of a Blanchfield bordism is the following. For a 3-manifold M 
endowed with (j): tti{M) — t- G and a subring TZ of ICG containing RG, there is the 
Blanchfield pairing 

BIm-- tHi{M;n) X tHi{M-n) KG/IZ 

defined as in |COT031 Theorem 2.13], Then, the following is shown by known arguments 
(see, e.g., |Hil02l Proof of Theorem 2.3], |COT03[ Proof of Theorem 4.4]). We omit 
details of its proof. 

Theorem 4.12. // (W^,0: 7ri(iy) G) is a Blanchfield bordism and RG C U C ICG, 
then for any 3-manifold M C dW, 

P := Ker{^i/l(M;7^) — > tHi{W;n)} 

satisfies BI!.m{P-,P) = 0, namely P annihilates P itself. 

As an example, if W is an n-bordism in the sense of [CHL091 Definition 5.1], then 
for ^■.7ri{W)^G satisfying G^") = {e} and dimycG Hi (M; ICG) = bi (M ) - 1 for each 
component M of dW, (W, 4>) is an integral Blanchfield bordism by |CHL091 Lemma 5.10]. 

The following observation provides new examples of Blanchfield bordisms. 

Theorem 4.13. Suppose W is a ^-manifold with boundary, (p: iriiW) — )• G, and there 
are ii, . . . ,£rn,di, ■ ■ ■ ,dm in H2{W;RG) satisfying Xdii^ij) = and Xci^i^dj) = 5ij 
where Xq is the ZG-valued intersection pairing on H2{W; RG) . Ifiankji H2{W, M; R) < 
2m for some M C dW , then (W, (p) is a Blanchfield bordism. 

An immediate consequence of Theorem 14.131 is the following: 
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Corollary 4.14. IfW is an n-solvable cobordism between bordered 3-manifolds M and 
M' , then for any (j): vri (W) G with = {e], {W, (/>) is an R-coefficient Blanchfield 
bordism for R = 'L/p or any subring of Q. 

Proof of Theorem \4-13[ We claim: 

2m > vankR H2{W, M; R) > dim/cG H2{W, M; ICG) 

> dim/cG Cokev{H2{dW; KG) H2{W; KG)}. 

By applying |CH081 Corollary 2.8] (or its Z/p-analogue if R = Z/p) to the chain com- 
plex Gif(W, M; RG), we obtain the second inequality. Next, H2{W, M; ICG) has the sub- 
module Cokev{H2iM;ICG) H2iW;}CG)} which surjects onto Coker{H2idW; ICG) 
H2{W;ICG)}. From this the third inequality follows. 

Now the proof is completed by the following fact stated as Lemma |4 . 1 5 1 b elow . which 
is proven by known arguments due to Cochran-Orr-Teichner (see the proof of |COT03t 
Lemma 4.5]; see also [CHL09^ Lemma 5.10]). □ 

Lemma 4.15 ([COT03l[CHL09]). If there are ii, . . . ,£m,di, . . . ,dm as in Theorem \4J3\ 
and the cokernel of H2{dW\lCG) — > H2{W;ICG) has ICG -dimension < 2m, then (VF, 0) 
is a Blanchfield bordism (and the equality holds). 

Remark 4.16. From the above proof, we also see that in Corollarv 14.141 the cokernel of 
H2{dW;ICG) H2{W;1CG) has the "right" dimension, namely b2iW,M). 

Proof of Theorem \4.1(J[ Recall the conclusion of Theorem 14. lUI the projection 

vri(VFfc) 7ri(VFfc)/P"-'^+i7ri(W^fc) 

sends the meridian fif^ C M{Jk) C dW to an element in ■P"^'^vri(VFfc)/'P"~^^^7ri(lVfc), 
which has order cx) if 7^ or i?„ = Q, p otherwise. In fact it suffices to show the non- 
triviality ofcpkil^k) G :P"^''vri(Wfe)/P"-'=+i7ri(Wfc), since V''-''7riiWk)/V''-''+^TTi{Wk) is 
a torsion free abelian group (if k ^ or ii„ = Q) or a vector space over Z/p (otherwise). 

We use an induction on k = n — 1, n — 2, . . . , 0. For the case k = n — 1, we start by 
considering 0„ : 7ri(W„) ^ G := TTi{Wn)/V^TTi{Wn). Recall G ^ i7i(W„) /torsion = Z^. 
Let R = RiandA = Hi{El]RG) = Hi{Elq] R[x^^ ,y^'^]), the Alexander module. 

We need the fact that {A is torsion and) the Blanchfield pairing BUl = -B^Lq °^ ^ 
nondegenerate. This is a general fact for linking number one two-component links due 
to Levine |Lev82j . or can be seen by straightforward computation in our case. 

Recall that we use the curve rj C El^ in the satellite construction. Denote a paralel 
copy of rj in El by rj as an abuse of notation. B£L(rj, rj) is nonzero, since [77] generates the 
nontrivial torsion module A by Lemma 14.41 and B£l on A is nondegenerate. Therefore 
[r]]^ P = Ker{A Hi{Wn; RG)}, since P C P-^ by Theo rem [iT2l Since PVi(W„) is 
the kernel of PVi(VF'„) -> Hi{Wn;RG) by definition (see pial Section 4.1]), it follows 
that [rj] ^ V'^7^i{Wn). As in |Chal Assertion 1 in Section 5.2], we have 

^"-'vri(VF,)/P"-^+Vi(W^fe) - V''-'7T,{Wk+i)/V''-'+\i{Wk+i). 

Looking at the k = n — 1 case and observing that r] is isotopic to C M(J„_i) 

in Wn-i, it follows that [/^n-i] is nontrivial in V^7ri{Wk+i)/'P'^7ri(Wk+i). This is the 
desired conclusion for k = n — 1. 

Now we assume that the conclusion is true for all i > k. Let G = TTi{Wk+i)/'P'"'~^'n'i{Wk+i), 
R = Rn-ki and A = iJi(M( J/;+i); RG) for convenience. 

We claim that {Wk+i,4>k+i'- T^iiWk+i) G) is an i?-coefficient Blanchfield bordism. 
To show this we need the following lemma: 
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Lemma 4.17. Suppose W is a ^-manifold with a boundary component N' = N(rj, J) 
obtained by a satellite construction. Let E be the associated standard cobordism from 
M{J) U N to N', and let V = W Un' E. If (f): iti{V) G sends [rj] to a nontrivial 
element, then the inclusion W ^ V induces 

CokeT{H2{dV;ICG) H2{V;JCG)} ^ CokeT{H2{dW; JCG) H2{W;JCG)}. 

Proof. The proof is a straightforward Mayer- Vietoris argument. We give an outhne be- 
low. The cobordism E is defined to be M{ J) x [0, 1] U x [0, 1]/ ~, where the sohd torus 
U := M{J) - Ej ^ 5^ X L>2 in M(J) = M(J) x 1 is identified with a tubular neighbor- 
hood of rj C N = N X I. Applying Mayer- Vietoris to this, one sees that Hi(N; fCG) = 
Hi{E;lCG) for i = 1,2. Here one needs tha t Hi{U;)CG) = Hi{M{J);lCG) = 0, which 
are consequences of 7^ e by |COT03l Proposition 2.11]. Similarly one sees that 

Hi(N'; ICG) = Hi{E; ICG) for i = 1, 2. This says that the cobordism E looks like a cylin- 
der to the eyes of Hi{—;ICG) for i = 1,2. Applying Mayer- Vietoris to V = W U^v/ E, 
the desired conclusion follows. □ 

Returning to the case of our W^+i, the induction hypothesis ^ e for £ > A: + 1 

enables us to apply the lemma above repeatedly. From this we obtain 

Coker{//2(9Wfc+i;/CG) ^ H2{Wk+i; ICG)} ^ Coker{if2(9W„; /CG) ^ i/2(W„; /CG)}. 

By Corollarv 14.141 Remark 14.161 and Lemma 14.151 it follows that {Wk+i,(pk+i) is a 
Blanchfield bordism. 

Now we proceed similarly to the k = n — 1 case. We need the following fact which is 
due to |Lei06l Theorem 4.7], |Cha07[ Theorem 5.16], [CHL091 Lemma 6.5, Theorem 6.6] 
(see also |Chal Theorem 5.4] for a summarized version): 

A ^ Hi{M{Kk); RG) ^ RG 0^[t±i] Hi{M{Kk);R[t^^]) 

and the classical Blanchfield pairing on Hi{M{Kk);R[t^^]) vanishes at {x,y) if the 
Blanchfield pairing Bi on A vanishes at {1 ® x,l ® y). Using this, one sees that 
BI{1 (g) [afc];l ® [ofc]) 7^ 0, since [a^] generates the nontrivial module Hi{M{Kk); RG) 
by Lemma 14.51 and the classical Blanchfield pairing of a knot is nonsingular. Therefore 
[ofc] ^ P = KeT{A Hi{Wk+i] RG)} by Theorem [115] applied to the Blanchfield bor- 
dism {Wk+i, 4>k+i)- Finally, proceeding in the exactly same way as the last part of the 
k = n — 1 case, we conclude that [nk] is nontrivial in P"-^7ri(Wfc)/7'"~''+Vi(M/fc). This 
completes the proof of Theorem I4.1UI □ 
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